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4-STABILITY ANALYSIS OF NONLINEAR COUPLED BARGE MOTIONS
CHAPTER 1
General Introduction
1.1 Overview
The stability of a class of ship-to-shore cargo barges is investigated.The
U.S. Navy is in the process of redesigning their cargo barges and needs an updated
capability to determine the stability of the barges for a range of operational sea
conditions. They require the identification of motions and accelerations for design of
connector joints and securing of cargos.Information on thesea-keeping
characteristics with likelihood of capsizing is of concern as well. The barges operate
in many different directional sea states, but the most unstable scenario is if the barge
broaches and becomes broadside to the waves in the so called "beam seas", which
may incur large amplitude roll, heave and sway motions with a possibility of
capsizing. In the case of ship shapes other than barges, the most unstable scenario
usually is associated with following or quartering seas.However, for those
conditions, the barge has significant restoring moments along the diagonal of the hull
form and so it will not be as unstable.2
At the present, the Navy uses linear frequency domain ship motion models,
nonlinear time domain models, and experimental measurements for their
research and development.This information is cost effective and useful under
motion design situations.Their frequency domain models provide linear response
characteristics for a range of wave periods. For larger motions, their nonlinear time
domain ship motion models provide a response for a specified wave input.The
nonlinear time domain model is well tested but a limitation is they provideone
realization of the response for a given wave case and require discretization of the
barge into many finite elements.This provides more accurate response for final
design purposes but requires significant computational effort.
This dissertation is presented in the form of two papers (Chapters 2 and 3)
that provided self-contain summaries of particular aspect of the overall study.
Chapter 1 is the general introduction of the study. Chapter 2 covers the formulation
of theequationsof motion,parameteridentificationandcalibrationwith
experimental results. Chapter 3 presents stochastic analyses to the models. A quasi-
2DOF model is developed.Reliability against capsizing of a barge operating in
various sea conditions is obtained.Chapter 4 provides general conclusions to the
overall study.
1.2 Background
Ship roll motion has been investigated using several single-degree-of-
freedom (SDOF) models.Virgin (1987) modeled the roll motion ofa ship as a3
SDOF system with nonlinear damping and roll stiffliess. Cases of complex behavior
prior to capsize were found for deterministic loading. Period doubling routes to
chaotic roll response were found. He also utilized hi model to study the likelihood
of capsizing. Virgin and Bishop (1988) investigated nonlinear behavior in ship roll,
and articulated tower and semi submersible motions. They modeled the ship roll as a
SDOF system with nonlinear damping and higher order polynomial for roll restoring
moment. They showed sensitivity to initial conditions for a ship with steady list and
demonstrated the possibility of capsizing.FalzaranoandTroesch(1990)
investigated the vessel with water on deck situation and analyzed it with modern
geometric methods. Modeling the roll motion of a fishing vessel with water-on-
deck, damping effects due to bilge keels for various regular waves were analyzed.
They located regions of stability for the Patti-B clam dredge.Initial conditions due
to transient effects were found to be crucial and to impact safety.Faizaranoet a!
(1991) modeled the motion of a ship as SDOF in roll and multi-degree-of-freedom
(MDOF) in roll, yaw and sway velocity. They used strip theory models to determine
the frequency dependent added mass, damping and hydrodynamic force transfer
functions. They were interested in studying the stability of a ship in seas using the
ships heading as a bifurcation parameter. The fishing trawler, Patti B, was usedas
the case study as this vessel capsized twice in operation resulting in the death of six
seamen.Falzaranoet al(1992) studied transient motions of ships subjected to
periodic wave excitation.Here, they used the theory of lobe dynamics (Wiggins,4
1988) to demonstrate unpredictability of capsizing.A SDOF roll model derived
from a 6-DOF model was studied.
The coupling effect of heave on roll motion has also been investigated. Liaw
(1993) investigated heave excited roll of a ship in head and following seas and found
the quadratic coupling effect of heave with roll should be included in dynamic
stability analysis. He found the dynamic stability regions and boundaries dependon
the excitation and natural frequencies for both roil and heave.The damping and
beam-draft ratios affect the stability region as well.Liaw et a! (1993) also
investigated a 2DOF heave excited roll model.They showed the possibility of
chaotic response.The model considered was a free floating rectangular barge
subject to head or following seas. One observation is the restoring moment changes
character when the location of the center of gravity with respect to the free surface is
varied. Donescu and Virgin (1993) studied the nonlinear, coupled roll-heave model
of a ship in beam seas. They found cases when periodic waves can lead to resonant
conditions in roll with a possibility of capsizing. They mapped regions of stability
and instability for different initial conditions in their model.Cases of period
doubling and chaotic response were found. They discovered cases that contradict
linear theory, namely increasing wave steepness does not always lead tooccurrence
of capsizing.Their results showed regions of capsizing after a certain amount of
cycles.
Pauling (1961) investigated transverse stability for head, following and
overtaking swells both theoretically and experimentally. He showed the maximum5
righting arm is decreased by 50 percent for the case of a wave amidships compared
to still water values and recommended that it should be considered in ship
design.
Pauling and Rosenburg (1959) investigated nonlinear motion of a ship with coupling
between roll, pitch and heave motions. They showed unstable motions may result if
any one of the degrees of freedom is parametrically excited by the other two.
Falzarano and Taz UI Mulk (1994) investigated nonlinear coupled motion of
a ship at large angles for various heading angles. They studied the roll, sway and
yaw for a T-AGOS survey vessel. The steady-state amplitude of roll of this vessel
was found to be multi-valued and highly coupled to sway and yaw. They explained
multi-valuedness comes from the backbone curves and well known "jump".
Other groups of researchers studied the roll motions of ships from a
stochastic or probabilistic perspective (Robert (1982a,b), Dahleet al(1988), Lin and
Yim (1995a), Kwon et al (1993) and Caiet al(1993)). The work done by Dahleet al
(1988) was in the form of a probabilistic model where probability of capsizing under
specified sea states was computed. Robert (1982a) modeled the roll motion of a ship
by the Fokker-Plank (FP) method to obtain the probability distribution of roll
response. He proposed an averaging approximation to reduce the FPK equation from
two down to one to simplify the solution. This assumption requires the damping to
be light so the roll response is narrow banded. Roberts (1 982b) studied effects of
linear and nonlinear damping and found for the linear case, there was a critical value,6
below which the roll becomes unstable.For nonlinear damping, the roll was stable
under all conditions. Lin and Yirn (1995a)modeled the roll motion of a ship by
the Fokker-Plank equation and studied theeffects of noise on deterministic regular
wave loads. They showedthe ship motion to be governed by twodiverse dynamical
regionshomoclinic and heteroclinic, where theheteroclinic region relates to
capsizing.They examined chaotic response behaviorwith noise with the aid of
probability density functions. Kwonet a!(1993) modeled the roll motion of a ship
subjected to an equivalent white noise model ofthe ocean waves.They studied
mean uperossing times for anonlinear model of roll righting moment and nonlinear
damping. Caiet a!(1994) provided a stochastic model of nonlinearroll motion of a
ship.They modeled the excitation as a stationaryGaussian random process with
non-white broad band spectra.The total energy in their dynamical systemis
approximated as a Markov process, using a modifiedversion of quasi-conservative
averaging.They treated the capsizing of the ship as afirst passage problem in
stochastic dynamics. Multiplicative excitation andstiffness nonlinearity were found
to be important.
1.3 Scope
The objective of this research is to examine thecapability of a 3DOF model
and lower order models to estimate thestochastic properties of barge response.
These simpler low dimension models may capturethe important nonlinear
characteristics of the response for large angle motions.With fewer degrees of7
freedom, the governing equation ofmotion may be solved quickly.This tool will
compliment existing ship motion models forpreliminary design.
In research conducted earlier at OregonState university, a single-degree-of-
freedom system (Yim et a!, 1995) wasdeveloped to model pure roll motion of a
barge in beam seas.Nonlinearities in the righting moment and thefluid-structure
viscous effects were included in themodel. The damping included a linear term plus
a "Morison" typequadratic term (Chakrabarti, 1994). The righting momentincluded
nonlinear stiffhess terms to provide a more accuraterestoring moment at larger roll
angles. The nonlinear roll stiffhess termis necessary to predict extreme roll response
and the likelihood of capsizing for a given seastate and duration. This type of SDOF
model was beneficial in that it providedfairly good prediction of the roll motions for
simple shapes, such as barges, with a reasonable amountof effort. The SDOF model
was compared withmeasured barge motion data and was foundcapable of
reasonable predictions in terms ofstatistical moments, spectral densities and
histograms.
In this study, the SDOF model isextended to the MDOF model for roll,
heave and sway to include coupling effectsinduced by the large angle roll motions.
For a symmetric barge in beam seas, these arethe dominant transverse motions. The
hydrostatic righting moment and restoringforce are represented by high order
polynomials. Experimental results are utilized toidentify system parameters of the
models. Predicted barge motions due to random wavesby time domain simulations
are examined andcompared with experimental results.The analysis of bargeresponseisthen extended to the probability domain.The Markov process
assumption is employed. Barge response deiities are derived by numerically
solving the Fokker-Planck equation using the path integral solution technique. The
reliability of barges operating in a range of sea conditions is investigated.
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Stability Analysis of Nonlinear Coupled Barge Motions:Part I,
Models Development and Experimental Calibration
Abstract
This paper presents a coupled Roll-Heave-Sway model tosimulate nonlinear
barge motions in random seas.The model featuresrealistic and practical
approximations of rigid body motion relations, hydrostatic andhydrodynamic force-
moment. The hydrostatic force-moment includeseffects of the barge's sharp edge
and combined roll-heave states. The hydrodynamic terms arein a "Morison" type
quadratic form. System parameters of the model are identifiedusing physical model
test results from several regular wave cases.The predictive capability of the model
is calibrated using model test results from arandom wave case.Two distinct
processes are employed to createrandom wave input for the analytical model,
namely, measured random waves from experimentaldata, and simulated random
waves. For the measured random waves, waveproperties are derived from measured
wave elevation profiles.For the simulated random waves, wave profiles are
generated via a filtered white noise process with spectral propertiesspecified by the
Bretschneider spectrum. A Roll-Heave model is then derived byuncoupling sway
from the roll-heave governing equations of motion. Timedomain simulations are
conducted using the Roll-Heave model for regular andrandom wave cases.12
Comparisons of numerical predictions from the (3DOF) Roll-Heave-Swayand the
(2DOF) Roll-Heave models are examined to determine the significantof sway on
barge roll and heave motions.
2.1 Introduction
In the design of ship-to-shore transport cargo barges, itis essential to
determine barge stability for a range of operational sea conditions.In general, the
barges will operate in a variety of directional sea states. However,the most unstable
scenario is if the barges broach and become broadside to the waves in the socalled
"beam seas" and may incur large amplitude roll, heave and swaymotions with the
possibility of capsizing.
This paper presents a roll-heave-sway model, and a lower order roll-heave
model, to estimate the stochastic properties of barge response.These simple low
dimensional models may capture the important nonlinear characteristics of the
response for large roll angle motionsand will be useful in preliminary design and
prediction of responses under operational conditions.
In research conducted earlier at Oregon State University, a single-degree-of-
freedom (SDOF) system (Yim et al, 1995) was developed to model pure rollmotion
of a barge in beam seas.Nonlinearities of the model include the righting moment
and fluid-structure viscous effects.Hydrodynamic and structural damping effects
were approximated by alinear term plus a "Morison" type quadratic term
(Chakrabarti, 1994).The righting moment included nonlinear stiffness terms to13
provide a more accurate restoring moment at larger roll angles. This SDOF model
was compared with measured barge motion data and wasfound capable of
reasonable predictions in terms of statistical moments, spectral densities, and
histograms.
In this study, the SDOF roll motion model (Yim et al, 1995) is first extended
to a multi-degrees-of-freedom (MDOF) model that includes coupling effects on roll
motion due to heave and sway. The expanded model is expected to improve the
predictive capability at large roll angles since the heave and sway are coupled into
the roll through hydrostatics and rigid body kinematics. The equations of motion of
the rigid barge including hydrostatics are derived.Waves are applied and terms
modeling the hydrodynamic properties are added.Relative motion effects of the
barge with respect to the free surface are included. The effects due to hydrostatics
are represented with sufficiently high order polynomialsin the model. Various order
polynomials were examined to identify an optimum fit.Because the edges of the
barge are sharp, fairly high order polynomials are required. The coupling effects of
sway on roll-heave response prediction are examined using the roll-heave-sway
model and a corresponding (2DOF) roll-heave model with similar parameters.
2.2 Equations of Motion
Two mathematical models representative of the physics of the fluid structure
interaction for the barge in ocean waves are derived. The motions of a rigid body in air
are obtained first and then the barge will be placed in water and the effects due to14
hydrostatics and hydrodynamics will be included. Once the complete 3DOF model for
the barge motions in beam seas is devcd, a reduced set of equations of motion (2DOF
model) uncoupling sway from roll and heave are derived.
2.2.1 Model assumptions
The underlying physical assumptions used in this study for the development of
the equations of motion are summarized in this section. The waves are assumed two-
dimensional and the wavelengths are significantly longer than the beam (thus the wave
profile is linear across the barge). Wave forces and moments are derived about the
center of gravity based on static and dynamic equilibrium. The effect of water-on-deck
is treated statically, being modeled only in the hydrostatic restoring moment. Along
with this assumption is no bulwarks are present. Coefficients of added inertia, added
mass and damping are assumed constant. The longitudinal centerof gravity (LCG) is
amidships.This is consistent with the physical model in the experimental test data.
The barge is symmetric longitudinally and laterally.Radiation and viscous damping
are modeled collectively as a linear and a "Morison" type quadratic term. Barge length,
beam, displacement, draft, location of vertical center of gravity (KG), specific weight of
water, and roll center are considered variable input parameters. Effects due to a linear
mooring stiffness may be switched on or off for sway motions.15
2.2.2 Roll-Heave-Sway model
The rigid body dynamic equations of motion for the barge are based on
Newton's second law which states the rate of change of linear momentum equals the
applied forces and the rate of change of angular momentum equals the applied
moments:
-fi(mv)=F -E-(Iw)=M
dt dt
(2.1)
An inertial coordinate system is placed at the location of the prescribed body-fixed "roll
center" of the barge under static equilibrium.Note the inertial coordinate system
coincides with the body-fixed (moving) coordinate system initially. Static roll righting
moments and heave buoyant restoring forces are calculated as a function of the position
and rotation of the barge about the roll center. Equilibrium of forces and moments are
considered about the roll center (the position of which is time dependent with respect to
the inertia coordinates) with heave and sway directions respect to the inertial
coordinates.
The body-fixed coordinates are defined such that X = Surge, Y = Sway, Z =
Heave,4= Roll, 0 = Pitch, andw= Yaw (Figure2.1).For the (body-fixed) coordinate
system origin (i.e. the roll center) is at the center of gravity of barge and the coordinate
system axes are aligned with the principal axes of inertia, the equations become,16
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Figure 2.1 (a) Coordinate system definition, and (b) relative motion system of
barge considered.17
F =rn(x+Ozp'y)
F =m(y+iixqz)
F3=m(z+ØyOx) (2.2)
M4=144 0 + ('66155)6k
M5I556+(144'66)'0
M6 '66 Y'(1SS144)1758
The coupling terms represent the components of centripetal accelerations on the
body arising from the moving (body-fixed) coordinate system and theinertial
difference terms represent gyroscopic moments arising from the movmg system
(Abkowitz, 1969). We place the origin of the moving coordinate system at an assumed
"center of rotation".Since this may not coincide with the center of gravity, the
equations of motion are modified to become,
=m[x+Oz_yiy_xg+)Yg (00Y1)+Zg
=4y+X_ØZ_yg(/
=flZ+0Y9Xzg(0+O)+xg(0_O)+Yg(O+O)] (2.3)
M4 =I 0('o6_1s5)OY/+4Yg(Z+OY_OX)_Zg(Y+X_0Z)]
M5 =155 8+(I_I66)/0+4zg(x+8z_y)_xg(z+0y_8x)]
M6 ='66+(I18
Here, the extra terms represent centrifugal forces acting at the origin due to
eccentricity of the center of gravity about the origin and inertial reaction forces, and
moments about the origin induced by the acceleration of the center of gravity relative to
the origin.
Up to now, we have the rigid body equations of motion for all 6-DOF without
addition of the fluid forces and fluid moments. One of the main objectives in this study
is to extend the equations of motion for a SDOF system in roll to a MDOF system. For
a symmetric barge in beam seas, the dominant response will be in sway, heave and roll.
The surge, pitch and yaw motions become negligible (Donescu and Virgin, 1993).
Equation 2.3 now becomes,
1;=m[y_ØZ_Zg
]
F4z+øy_zgø2] (2.4)
M4 =144ø_lfl[Zg(Y_cbZ]
These equations show the kinematic coupling in the heave and sway equations
with extra terms due to the vertical location of the center of gravity not coinciding with
the origin of the coordinate system. The longitudinal and lateral centers of gravity
coincide with the origin for the barge under study (NFESC, 1996), (i.e. Xg and Yg are
zero) and so those terms do not appear m the equations.
Placing the barge in water will add terms due to the hydrostatic "Archimedes"
buoyant restoring forces and moments. As the barge heaves up and down, the available19
righting energy of the barge in roll changes. Exact expressions relating the effects of
heave on the righting moment were derived from analytical geometry. The analytical
geometric method for calculation of the righting moment and buoyant heave force
begins with the complete arrangement of possible configurations of the barge in water.
These cases may be subdivided into combinations of four main states (Figure 2.2). As
the barge is rotated through the roll angles at a value of heave, the method determines
which state the underwater portion falls within and subdivides itinto triangular
sections. From these triangles, the center of buoyancy may be obtained by averaging
all the centroids of each triangle.
The initial position of the barge is prescribed by a "roll center" with respect to
the inertial coordinates. Righting moments are computed over the preset range of roll
and heave.This produces a set of righting moment curves for incremental discrete
value of heave. The heave range is typically set at maximum value of the barge being
totally out of the water at zero roll.The maximum and minimum roll values are
determined by sample calculations to see that angle at which the righting moment
becomes zero.Analytical expressions of roll righting moment and heave restoring
force are graphically shown in Figure 2.3.
The matrices of analytical roll restoring moment and heave restoring force are
approximated with sufficiently high order polynomials. Various high and low order
polynomials were tried to determine the optimum fit. The ones which produce errors
less than 3 percent at any combined roll-heave positions are selected.Figure 2.3 shows
the analytical roll restoring moment and heave restoring force surface.State 1
Moderate Roll-Heave
State 2
on Deck and
Exposure
State 3
Exposure
State 4
r on Deck
Figure 2.2 Four main states of combined Roll-Heave position of barge motion.22
A
13thorder polynomial in roll and
12thorder polynomial in heave were found
to be sufficient to qualif,' the general character of the coupled roll-heave restoring
moment-forces. The polynomial fitted roll-righting moment and heave restoring force
surfaces are graphically shown in Figure 2.4.The accuracy of the polynomial
expressions is determined by examining the differences between the "exact" analytical
expressions and the least square fit. The polynomial fit for heave restoring force results
in Equation 2.5.
R33(z, çb, ii,2)=
[A1 (zi)5+A1 (z)4+4 (z)3 +A1 (z)2+A1 (z)+A1
+[A3 (z)5+A3 (z)4+A3 (zr)3 +4 (z)2+A3 (zi)+A3
+[(zi+A5 (zi)4+4 (z)3 +A5 (zi)2+4 (zr)+A5
+[A7 (z)5+4 (z)+A7 (z)3 +A7(z)2+A7(z_)+AjØ_)6(25)
+4(z)+4Ø)
+[A11 (z)5+A11 (zi)4+4 (z)3 +4 (z)2+A115(z_q)+A11_)2
Similarly, the polynomial expression for the roll restoring moment becomes
equation 2.624
817
R44(q,z,ij,-) =
[Bi(z_17)4+Bi2(z_17)3+Bi3(z)2+Bi4(z_17)+B15ø_J
+{B3(Z_17)4+B32(Z_17)3+B33(z_17)2+B34(z_17)+B35_J
+[B5(z_17)4+B52(z_17)3+Bs3(z_17)2+Bs4(z_17)+Bs5_j
+[B7 (z
17)4
+B7 (z-17)3+B7 (z-17)2+B7 (z-17)+B7 (2.6)
+[B9(Z_17)4+B92(Z_17)3+B93(Z_17)2+B94(z_17)+B95_
( 017" + [Bii(z_17)4+Bll2(z_17)3+BII3(z_17)2+BIl4(z_17)+BlI5ø_-j
i 817" +[Bi3(z_17)4+Bi37(z_17)3+Bi33(z_17)2+Bi34(z_17)+Bi35_-J
These stiffness terms include relative motions between the moving barge and the wave
free surface elevation and wave slope changes.
Placing the barge in still water and adding ocean wave excitation introduces
terms that represent added mass and added inertia due to relative motion accelerations
of the barge and the wave. To take into account energy dissipation effects due to
radiation of waves from the barge and flow separation around the hull,the
hydrodynamic damping may be modeled as relative motion linear and nonlinear terms.
The viscous damping for roll is relative to the time rate of change of wave slope, where
the slope is relative to the sway direction (for beam sea conditions).25
These additional hydrostatic and hydrodynamic force and moment terms are
added to the equations of motions that become
()(vv) +m sin()(yv)+C72 Y+C22 yymz my+mcos
- .- a33
)sin()+K00y 0 _m(zgcos)+R33(q,z,i7,--
m z +m cos()(z w) +m sin()(z w) +C33 z + C33zz +m Øy(2.7)
a33 a22
ai7 m(zg cosØ)ç2 +mg+R33(,z,i,--)cos(--) = 0
'44
ø+Ia(Ø)+C44 (Ø)+C44 -H g i+m(z cosq5)çbz
all
m(zgcosq5)y+R44(,z,i,)cos()mgzg sinq= 0
2.2.3 Roll-Heave model
By assuming the influences of sway motion on roll and heave are negligible,
the governing equations of motion (the 3DOF model, Equation 2.7) may be reduced
to a 2DOF model in roll and heave only.26
rnz +ma33(z w)+C33, z+C33 zz -m(z cos)2 +rng+R33(z,, = 0
144'Q4 (Ø-) + C44L (ø) + + m(z cos) 0 z(2.8)
+ R44 (0, z, 17, mgzg sinq5=0
2.3 Numerical Solution Procedure
To obtain barge motion responses in the time domain based on the Roll-
Heave-Sway and the Roll-Heave models, Equation2.7and2.8,respectively, are
reduced to systems of first order ordinary differential equations and integrated by
standard numerical methods. A 4order Runge-Kutta method is selected to solve
the equations of motion (Press et al,1986).
2.3.1 Re2ular waves
A description of the ocean wave field is provided by linear wave theory. The
barges considered in this study operate from relatively deep to shallow water.
However, the condition of deep water in general produces higher coupling effects of
heave on roll due to larger vertical wave velocity.To be conservative in our
analysis, therefore, deep-water condition is assumed. For linear regular waves with27
the assumption of deep water and consideration of water particle kinematics at mean
water line (MWL), wave expressions are defined as
k
g
i =Asin(kywt)
ii =wAcos(ky--wt)
17
v =an7
v= 0)17
w=17
2.3.2 Measured random waves
(2.9)
If measured waves are input to the model, the wave properties as in Equation
2.9 are calculated by central difference method. The second order and forth order
accurate formulas are28
f(x1) f(x)
f'(x1)=
2h
f(x1)2f(x1) +f(x11) f"(x)=
h2
(2.10)
f(x2)+ 8f(x1) 8f(x1) +f(x2) f'(x,) =
1 2h
f(x2)+ 1 6f (x11)30f(x1) + 16f (x,_1)f(x1_2) f"(x,)=
1 2h2
Using Equation 2.10, the water particle kinematics may be calculated from
the measured wave profile.
2.3.3 Filtered white noise random waves
To simulate barge motion in operational sea conditions, a filtered white noise
process is employed to create random wave profiles. The linear filter is defined as
77+/3 i+(2rf0)2i= (2.11)
where is a Gaussian white noise, which is obtained by using a pseudo random
number generator.The transfer function and the spectral density function of the
output of the filtered white noise (Lin and Yim, 1995b) are29
1
[(2irf)2 +(27yc0)2]2 +(2,r/)2
so S,(f)= (2.12)
[(2itf)2 +(2q)2]2±(2,8)2
The present research utilizes the Bretschneider spectrum (Chakrabarti, 1994) to
represent ocean wave spectral. It is expressed as
S(co)=O.1687He6754
(Os (2.13)
The coefficients in Equation 2.12 are set to satisfy the variance and peak period of
the Bretsclmeider spectrum (Lin and Yim, 1 995b). Equation 2.11 is then reduced to
a set of first order ordinary differential equations and combined with the equations of
motion.This produces eight first order differential equations of motion for the
3DOF model and six equations for the 2DOF model.
2.4 Experimental Results
The Naval Facilities Engineering Service Center (NFESC), Port Hueneme,
California, conducted several measurements of a moored and a partially constrained
barge in regular and random seas (NFESC, 1995). Under collaboration with the U.S.
Navy, we were provided with a set of measured physical model test data for U.S.
Navy model barges, which consists of motions of a 1/16-scale barge in regular and
random seas.Free vibration tests of the barge in roll, heave and swaywere also30
conducted to provide estimates of the viscous damping and linear natural periods.
The results indicate that 5.25, 4.00 and 27.14 seconds are the natural periods of roll,
heave and sway motion respectively.Table 2.1 summarizes the parameters of a
sample of physical model test cases employed in this study.
Test results from regular wave cases are used to identify system coefficient
for both Roll-Heave-Sway and Roll-Heave models.Time domain simulations of
varied system coefficients are compared with the test results to determine the best
match. The results from random wave case, SB25, are used to calibrate the accuracy
of model predictions.
Table 2.1. Physical Model Test Cases
Test Case Wave Type H (ft) or Hs(ft) T (sec) or Tp
(see)
SB25 Random 4.7 8.2
SB26 Regular 6.0 5.0
SB27 Regular 6.0 6.0
SB28 Regular 6.0 7.0
SB29 Regular 7.0 8.0
SB3O Regular 6.0 10.0
SB31 Regular 10.0 10.031
2.5 Identification of System Parameters
The constant parameters including added mass, added inertia and radiation
damping (see Table 2.2) in the governing equations of motion for roll, sway and
heave are identified using test results of regular waves of heights from 6 to 10 ft and
wave periods of 510 seconds (test cases SB26 to SB31).Initial approximate
values of all system parameters are obtained from a linear potential theory ship
motion program developed by Paulling (1995) based on potential theory.These
estimates are then fine-tuned to match the predicted response time series and phase
plots with measured results.The resulting identified system parameters are then
used as input to the model in the next section to calibrate the accuracy of model
prediction for the random wave case (SB25). Because the parameters identified are
obtained from the 1:16-scaled model test results and not from fullscale prototype
tests, these identified parameters are theoretically suitable for only the scale test
model. Higher Reynolds numbers in the full-scale prototype may affect the values of
the nonlinear damping coefficients.However, based on our experience, the
nonlinear damping effects do not significantly affect the predicted barge motion
responses. Therefore, we believe that the identified parameters in this section may
also be suitable for analysis of the full-scale prototype.
Sample comparison of time histories of the measured versus numerical
responses (corresponding to test cases SB27, 29 and 30) are shown in Figures 2.5-
2.7.It is observed that practically all the parameters estimated by potential theory,
are sufficiently accurate for the Roll-Heave-Sway model. Only minor adjustments in32
Table 2.2 Summary of system parameters used in the model
ParameterRegular WaveMeasured RandomSimulated Random
Wave Wave
HfromôtolOft H4.7ft H=4.7ft
T from 5 to 10 sec T=8.2 sec T=8.2 sec
144 2.161E+06 2.161E-F06 2.161E+06
(slugs-fl"2)
I 1 .30E+06 1 .00E+06 1 .00E+06
(slugs-ft'2)
L44 0.05 0.08 0.03
N44 0.008 0.008 0.008
m 2.325E+04 2.325E+04 2.325E+04
(slugs)
ma 1 .00E+05 1 .00E+05 1 .00E+05
(slugs)
L33 0.35 0.35 0.35
N33 0.5 0.5 0.5
m 2.325E+04 2.325E+04 2.325E+04
(slugs)
ma 2.00E+04 2.00E+04 1 .50E+04
(sfigs)
L22 0.5 0.5 0.5
N22 5.0 3.0 3.033
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Figure 2.5 Barge roll, heave and sway response time histories to regularwaves with
H = 6 ft and T = 6 seconds (Case SB27). (solid line = numerical results,
dotted line = experimental results)Time (sec)
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Figure 2.6 Barge roll, heave and sway response time histories to regular waves with
H = 7 ft and T = 8 seconds (Case SB29). (solid linenumerical results,
dotted line = experimental results)Time (sec)
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Figure 2.7 Barge roll, heave and sway response time histories to regular waves with
H = 6 ft and T = 10 seconds (Case SB3O). (solid line = numerical results,
dotted line = experimental results)36
the roll added inertia and linear roll damping coefficients are needed to match the
measured response well for the all test cases.In addition, for the ranges of wave
heights and wave periods considered (SB26 to SB31), the identified parameters are
practically constant. A summary of the averaged values of the system parameters for
regular wave excitations is shown in the second column Table 2.2.Due to wave
drift, the steady-state mean position of the barge motions is down stream of the
quiescent, static equilibrium position of the moored barge in the experimental set up,
where wave elevation was measured. This leads to a time shift (or lag) between the
measured wave excitation and barge responses. The wave drift is a function of the
wave height and wave period, with larger wave drift magnitude corresponding to
larger wave heights.The wave drift also induced tension in the cables used to
prevent the barge from drifting down the wave basin.For large wave amplitude
excitations (such as SB3O, shown in Figure 2.7), the almost taut mooring cables
induced a small super harmonic component in the roll response.
Figures 2.5 and 2.6 show that roll is approximately in-phase withsway and
heave is in-phase with wave for all regular wave cases.Case SB27 produces the
largest roll motions because the wave period (6 seconds) is close to the barge roll
natural period of 5.25 seconds, resulting in near resonance.
It is observed that sway is more difficult to match than roll and heave. This is
due to the difficulty in modeling the nonlinear mooring cable stiffness, which
directly affects the sway motion.Although the model selected in this study
represents sway resistant force by a linear spring which that does not reflect the37
highly nonlinear features, itis deemed acceptable fhr the purpose of this study,
which focuses primarily on the roll motion. In the open sea, the barge is not moored.
Mooring in the experiment is introduced to prevent the model barge from drifting out
of the instrumentation area.
2.6 Calibration of Model Prediction Capability
The Roll-Heave-Sway prediction capability of barge motions under random
wave excitations of the 3DOF model is investigated in this section. (A detailed study of
the 2DOF model will be presented later.) The averaged identified system parameters of
the 3DOF model obtained in the above section, with minor adjustments, are used for
model predictions for the random wave test case.Measured random waves and
simulated random waves (filtered white noise) are both used as input excitations to the
model.Comparisons between model predictions and experimental test results are
examined. The accuracy of the model predictions of the barge motions due to random
waves is demonstrated using a random wave test case SB25 (H4.7 ft., T = 8.2 s).
2.6.1 Measured random waves
We used the measured random wave profile and numerically derived the
wave properties for input to the analytical model. The measured wave was filtered
with a low pass tangent Butterworth filter (The Mathworks, 1993) to remove all high
frequency wave components above 0.25 Hz (T = 4 sec.) to minimize numerical
errors in obtaining derivatives and to adhere to the modeling assumptions that the38
wavelength is significantly larger than the beam of the barge. We employed the
parameters obtained in above section for regular waves. A minor adjustment in the
rolllinear coefficient from 5% to 8% was found to provide most accurate
predictions.
Time histories of the Roll-Heave-Sway model predictions versus measured
results are shown in Figure 2.8. Observe that the model provides good estimations
for both roll and heave motion.It also predicts sway reasonably well. As observed
in the regular wave cases, roll is in-phase with sway while heave is in-phase with
waves.The spectral densities of measured results versus the Roll-Heave-Sway
model predictions are shown in Figure 2.9.Overall, the predictions of spectral
densities match the measured results well. The sharp peak around the frequency of
0.03 Hz of the measured sway spectral density reflects the nonlinear influence of the
mooring cables that is not modeled in this study.
2.6.2 Filtered white noise simulated random waves
Gaussian random waves with a significant wave height, H = 4.7 fi, and
spectral peak period, T = 8.2 seconds, are simulated by the filtered white noise
process and used as input into the simulation model. The parameters of the filter are
selected to duplicate the statistical and spectral properties of the wave profile
specified by the Bretschneider spectrum.39
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Figure 2.8 Comparison of barge motion response time histories between 3DOF
model predictions and experimental results under random wave
excitation with H = 4.7 ft and T = 8.2 seconds (Case SB25). Measured
waves are used as model input excitation. (solid linenumerical results,
dotted line = experimental results)40
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Figure 2.9 Comparison of barge motion response spectra! densities between 3DOF
model predictions and experimental results under random wave
excitation with H4.7 ft and T = 8.2 seconds (Case SB25). Measured
waves are used as mode! input excitation.41
Figure 2.10 shows predictions by the Roll-Heave-Sway model match the
measured result well, with a slight adjustment in the linear roll-damping ratio from 5
to 3%. The spectral densities of the predicted responses matched reasonably well
with the experimental results as shown in Figure 2.11. The model prediction in sway
is not as accurate as for roll and heave because of nonlinear characteristics of the
mooring cables, which we do not model.The distribution of the predicted roll
response to measured and simulated random waves alsomatched well with the
experimental results, as shown in Figure 2.12.
2.7 Coupling Effects of Sway on Roll and Heave Motions
The coupling effects of sway on barge roll and heave motions is examined in
this section by comparing numerical results of the 3DOF and the 2DOF models using
the same analytical procedure conducted in the above sections.Identical system
parameters are employed in both models (when applicable).Responses to regular
and random waves are examined.Figures 2.13 shows the time histories of barge
responses to regular waves with H = 6 ft and T = 6 seconds (Case SB27) while
Figure 2.14 shows the time histories of barge responses to measured random waves
with H = 4.7 ft and T = 8.2 seconds, respectively. Figure 2.15 shows the spectral
densities of barge responses based on the 3DOF and the 2DOF models subjected to
simulated random waves. Observe that both models provide comparable predictions
for both regular and random waves. However, the 2DOF model appears to produce
slightly larger roll amplitude than those of the 3DOF model.a)
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Figure 2.10 Comparison of barge motion phase diagram between 3DOF model
predictions and experimental results under random wave excitation with
H = 4.7 ft and T = 8.2 seconds (Case SB25), (a) roll and wave, (b) roll
and heave, (c) roll and sway, and (d) heave and sway. Random waves
are generated from filtered white noise process. (continued)c)
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Figure 2.10 Comparison of barge motion phase diagram between 3DOF model
predictions and experimental results under random wave excitation with
H = 4.7 ft and T = 8.2 seconds (Case SB25), (a) roll and wave, (b) roll
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are generated from filtered white noise process.4OO
200
><0
jRollSpectral Densities
0 -H--
0.00
40
NI
c"J
0)
a)
-c
10
0
0.10 0.20
Frequency (Hz)
Heave Spectral Densities
44
predicted roll
(300F model)
measured roll
0.30 0.40
predicted heave
(300F model)
measured heave
0 0.1 0.2 0.3 0.4
150
00
50
0
0
trequency(Hz)
Sway Spectral Densities predicted sway
(3DOF model)
I I
measured sway
0 0.1 0.2 0.3 0.4
frequencies (Hz)
Figure 2. 11 Comparison of barge motion spectral densities between 3DOF model
predictions and experimental results under random wave excitation with
= 4.7 ft and T = 8.2 seconds (Case SB25), (a) roll and wave, (b) roll
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Figure 2.12 Histograms of barge roll response to random wave excitation with H =
4.7 ft and T = 8.2 seconds (Case SB25), (a) experimental results,
(b) 3DOF model under measured random waves, (c) 3DOF model
under simulated random waves (sampling rate = 0.5 second,
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Figure 2.13 Comparison of 3DOF and 2DOF model predictions of time histories of
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Figure 2.15 Comparison of 3DOF and 2DOF model predictions of(a) roll, and
(b) heave spectral densities of barge responses under simulated random
waves with H = 4.7 ft and T8.2 seconds (Case SB25).A preliminary sensitivity study on barge response to regular wave excitation is
conducted using both 3DOF and 2DOF models.Barge responses due to several
regular waves with various wave heights and wave period are examined. Figure 2.16
shows amplitudes of periodic roll responses for the barge subjected to regular waves
with fixed wave height of 6 and 8 ft., varying the wave period between 6 and 9
seconds. Roll amplitude decreases with increasing wave period because the natural
frequency for roll motion is 5.25 seconds.The 3DOF model usually produces
slightly lower roll response amplitude than the 2DOF model. These results indicate
that the effects of moored sway on roll motion could be considered as additional
energy dissipation (damping).However, under operations conditions in the open
sea, with no mooring, this effect may be negligible. It is observed that sway does not
produce noticeable effect on heave motion.
2.8 Conclusions
The equations of motion for roll, heave and sway of a barge in random beam
seas have been derived. The model was developed based on rigid body dynamics,
coupled with relative motion hydrostatic and hydrodynamic terms. The analytical
expressions of the relative motion hydrostatic terms are derived based on the four
main states for combined roll-heave positions. The relative motion hydrodynamic
terms are in a "Morison" type quadratic form. The relative motion hydrostatic terms,
roll righting moment and heave restoring force, are fitted with sufficiently high order
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are sufficient to qualify the general character of the coupled roll-heave restoring
moment-forces.
System parameters for the model are identified by matching numerical
predictions in the time domain with experimental results of six regular wave test
cases, with initial approximate values of the system parameters obtained based on the
potential theory.Only minor adjustments to these estimates are needed to obtain
optimal match with experimental results.The same set of system parameters is
applicable for all the regular-wave cases considered, which ranges in wave period
from 6 to 10 seconds.
With the identified system parameters from the regular wave cases, it is
found that the 3DOF model provides efficient predictions of barge responses to
random waves. Two distinctive processes are used to generate random waves for the
models. In the first case, the exact measured random wave data is used as input to
the numerical models with other wave properties derived numerically. In the second
case, a white noise filter is used to simulate the wave profiles and associated
properties.Results from both cases were compared with experimental data.All
comparisons indicate close agreement with the model predictions.
The coupling effects of sway on roll and heave barge motions are examined
by comparing numerical results from the 3DOF and the 2DOF models employing
identical system parameters.Results indicate that the two models provide
comparable roll and heave predictions for both regular and random wave cases. It is53
observed that the coupling effects of sway on barge roll and heave motions are
negligible for the range of system and excitation parameters considered.54
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CHAPTER 3
Stability Analysis of Nonlinear Coupled Barge Motions: Part II,
Stochastic Models and Reliability Study
Abstract
This paper presents a stochastic study of the coupled roll and heave barge
motions.With the Markov process assumption, roll and heave bargeresponse
probability densities are obtained via the Fokker-Planck equation formulation and
the path integral solution technique. Numerical results derived from the Roll-Heave
(2DOF) and the Roll (1DOF) models are compared in both time domain and
probability domain to observe coupling effects of heave on roll motion. A quasi-
2DOF model is developed to take advantage of the heave and wave elevation
relationship by introducing an additional term to the 1DOF model.Reliability
against capsizing of the barge under various sea conditions is analyzed asa first
passage time problem using this quasi-2DOF model.
3.1 Introduction
The reliability of ship-to-shore cargo barges under various sea conditions is
investigated. While waves excite a barge in many direction sea conditions, the most
unstable scenario leading to capsizing is when the barge becomes broadside to the
waves, i.e., beam-sea condition.This paper models the barge motions under the58
beam-sea condition as a coupled Roll-Heave (2DOF) model and a pure Roll (1DOF)
model. A stochastic analysis is conducted to examine barge motions in random
beam seas.The path integral solution is employed to numerically obtain barge
response probability densities as a solution to the corresponding Fokker-Planck
equation.The importance of the coupling effects of heave on roll motion is
examined by comparing numerical results obtained from the 2DOF model and the
1DOF model in both time and probability domains. A quasi-2DOF model is then
developed to take advantage of the heave and wave elevation relation in modeling
the roll-heave coupling effects while keeping the number of governing equations to
one. Reliability against capsizing of a barge operating under sea states 1 through 9 is
analyzed as a first passage time problem using the quasi-2DOF model.
A significant number of researchers have examined the roll motion of ships
from a stochastic perspective (Robert (1982a,b), Dahleeta! (1988), Lin and Yim
(1995a), Kwoneta! (1993) and Caieta! (1993)). The work done by Dahleeta!
(1988) was in the form of a probabilistic model where probability of capsizing under
specified sea states were computed. Robert (1 982a) modeled the roll motion of a
ship by the Fokker-Planck (FP) method to obtain the probability distribution of roll
response. He proposed an averaging approximation to reduce the FP equations from
two down to one to allow for ease of solution. Lin and Yim (1995a) modeled the roll
motion of a ship by the FP equation and studied the effects of noise on deterministic
regular wave loads. They showed the ship motion to be governed by two diverse
dynamical regionshomoclinic and heteroclinic, where the heteroclinic region59
relates to capsizing. They examined chaotic response behavior with noise with the
aid of probability density functions. Kwon et al (1993) modeled the roll motion of a
ship subjected to an equivalent white noise model of ocean waves. They studied
mean uperossing times for a nonlinear model of roll righting moment and nonlinear
damping. Cai et a! (1994) provided a stochastic model of nonlinear roll motion of a
ship.They modeled the excitation as a stationary Gaussian random process with
non-white broadband spectra.The total energy in their dynamical system is
approximated as a Markov process, using a modified version of quasi-conservative
averaging.They treated the capsizing of the ship as a first passage problem in
stochastic dynamics. (A first passage problem evaluates the reliability of a system
by deriving the mean-time that the probability mass exits a prescribed safe domain.)
Multiplicative excitation and stiffness nonlinearity were found to be important.
3.2 Equations of Motion
A mathematical model representative of the fluid-structure interaction of the
bargeinocean waves is derived. The coupled rigid body relation of the barge in the air
is first obtained by considering the roll and heave part of the six degree of freedom rigid
body relation (Abkowitz, 1969). The hydrostatics and hydrodynamics terms are then
included when placing the barge in water. Hydrostatic terms are in the form of a high
order polynomial to represent the characteristics of restoring force and moment.
Hydrodynamic terms are in a "Morison" type quadratic form (Chakrabarti, 1994).
Once the Roll-Heave (2DOF) model for the barge motions in beam-sea condition is60
derived, the equations of motion are then uncoupled to obtain a I DOF Roll model. The
resulting equations of motion for Roll-Heave motion are
m z + in(z w)+ C33L z + C33N zzm(zg cos)2 + mg +R31(z,Ø,a,) =0 033
'44 øIa ()+C44L(Ø-) + C()+m(zgcosØ)Øz(3.1)
+R(q,z,7/,)mgzgsinØ=0
Assuming the effects of heave are negligible, the corresponding Roll only (1DOF)
model is
'44(Ø_)+ C (-) + C (3.2)
+R44(q5,.R)_mgzgsinçb=0
The physical assumptions of the models are as follow. The wave free surface
elevation is assumed linear across the beam of the barge (i.e., wavelength is
significantly longer than the barge beam). Wave forces and moments act at the
center of gravity and are based on momentum theory. The effect of water on deck is
treatedstatically, being modeled only inthe hydrostatic restoring moment.
Coefficients of added inertia, added mass and damping are assumed constant. The61
longitudinal center of gravity (LCG) isamidships.The barge is symmetric
longitudinally and laterally.
3.2.1 Regular wave excitation
Regular waves are used as input to the time domain simulation.The
characteristics of the excitation wave field are based on linear wave theory.For
linear regular waves with the assumption of deep water and consideration of water
particle kinematics at mean water line (MWL), wave expressions are definedas
2
g
17=Asin(ky-wt)
17 =-wAcos(ky--0)t)
V =0)17
V(017
w=11
0)277
(077
8yg
ôyg77
----77 0yg
(3.3)62
Barges operate from relatively deep to shallow water. However, the deep-
water condition in general produces higher coupling effects of heave on roll due to
larger vertical wave velocity. Therefore, for conservatism of the analysis, the deep-
water condition is assumed.
3.2.2 Random wave excitation
For random waves, the wave free surface elevation is represented as sum of
regular waves (Chakrabarti, 1994) by
NH.
77 _Lsin(kycolt+e) (3.4)
which adheres to an ocean wave spectral model such as that of Bretschneider
(Chakrabarti, 1994) represented by
S(w) = 0.1 687H
U)
(3.5)
The present research utilizes filtered white noise to create a random free surface
elevation. The linear filter is defined as+fl +(2)=
C-,
U-,
(3.6)
where is Gaussian white noise, which is obtained by using a pseudo random
number generator.The transfer function and the spectral density function of the
output of the filtered white noise (Lin and Yim, 1995b) are
1
+(2)2J2 +(2fl,,)2
(3.7)
so
SO(f)={(2)2
+(2)2]2 +(2fl)2
The coefficients in Equation 3.6 are set to satisfy the variance and peak period of the
Bretsclmeider spectrum (Lin and Yim, 1995b).
3.3 Time Domain Predictions
To obtain barge responses in the time domain, equations of motion are
reduced to a system of first order ordinary differential equations and solved by
standard numerical procedure. For the random wave case, linear filtered white noise
is added to the system. A
4th1order Runge-Kutta method (Press et al, 1986) is
employed for numerical integration.A Gaussian distributed random number
generator used in the filtered white noise model in this study is based on Press et al
(1986).64
3.4 Probability Domain Predictions
By assuming the stochastic response is a function of only the most recent
probability states, a Markov process assumption can be applied.Barge response
probability density is numerically derived as a solution to the associated Fokker-
Planck equation (FPE) by the path integral solution (Wissel, 1979). A general
nonlinear stochastic system can be written as
X=F(X) + G(X)i7(t) (3.8)
where
X={x1 x2 ...xN]T, F(X,t) = [J F2 ...FN]T, G(X) = [G1 G
iT (39) 2"-Ni
For Equation 3.8 the associated FPE is
where the operator
and
af(X,t)= Lf(X,t)
at
(3.10)
aQ(X)aK(X,t); v,=1,2,...N (3.11)
2 axa
K = F(X); = id3G (3.12)
With f(X,t) representing the PDF,Ku's(v = 1,2,.. .N) are the entries in the drift
vectorK,and Qare the entries of the N x N diffusion matrix Q.65
The path-integral solution has been developed by Graham (1978), Haken
(1976), and Wissel (1979) to solve the FPE.ii can be represented by a (discrete)
Riemann sum (Wissel, 1979)
n-I ( n-i
f(X ,t) =urn fl(dx1)expI L*(X+1XivJf(Xj+i,X,r)f(X0,t0)(3.13)
n-*
i=O j=O
where idxis the (Wiener) measure in the functional space, and L* is the
Lagrangian.A short transition can be obtained analytically using a first order
approximation to Equation 3.13.
With specified drift vector and diffusion tensor for the FPE, the associated
short time propagator (Green's function) is given by (Wissel, 1979)
-n -I
(X'IX)(27zT)2 Q2 exp (3.14)
[{Q+K] + +Q(VP)
V 2
Using a multi-dimensional histogram representation of the PDF, the pathsum
(Equation 3.13) can be implemented numerically. The probability domain at time t
is discretized into a finite number of elements represented by functionit.
P(X,t)=(x1 x11)ff(x2 x21)...ff(xN -xN)f(X,t) (3.15)where
r(xx1) =
AXfl()
1forx XXfl(i)+
2 2
0 otherwise
66
(3.16)
with n=1,2,...N. The short-time propagator is also discretized into a short-time
transition tensor Tkl(t).Subscripts k and 1 represent the discretized probability
domain at the pre and post state respectively.The short time propagation can be
numerically implemented by determining the most probable position in the phase
space and the local random response following a Gaussian distribution. The most
probable phase position after a short-time propagation for each elementis
deterministically computed by the drift coefficients. The PDF at time t + 'r can be
obtained by summing allthe probability mass propagated from time t(and
normalizing afterward)
P(t+r)=Tk/(r)I(t) (3.17)67
where the transition tensor is given by
XkN(j)
N
T (r)
2
J
dx1 5 dx ki
(k1(i) + AXk!(I) )(&(J_1) + kN(j) 'k/U-I)
2
X()
2
LI(i) /XLN() XL/(,)- XJ(j)+____
5 dx1... 5 dx1Jr(Xk X1) (3.18)
LN(i-I)
XWj)
2
The PDF at a desired time can be obtained by applying the short time transition in
Equation 3.18 iteratively.
To obtain numerical results, the initial conditions are assumed deterministic,
represented by the product of two Dirac delta functions
P(X,t0) =8(x1 x10)8(x2 x20) (3.19)
whichisrepresented by a point with area virtually zero in the phase space.For
accuracy, the grid size of the discretized probability domain has to be sufficiently
small. Moreover, the time step(t)has to be compatible with the associated grid size.
For a given grid size, too small a time step results in no propagation of the
probability mass. However, too large a time step is not theoretically appropriate and
would lead to inaccurate results.Therefore, the selected time step(t)in this study is
the smallest one that produces propagation of probability mass for a given grid size.68
The path integral solution is a first order Euler approximation (Wissel, 1979),
and one possible numerical evaluation based on lattice representation (path sum)
(Wehner and Wolfer, 1983) can be applied to implement the solution numerically.
Using this standard numerical procedure, the results can demonstrate the evolution of
the response density. A
4111order Runge-Kutta integration procedure is employed to
compute the deterministic response trajectory.
3.4.1 2DOF stochastic model
Bretschneider random waves are approximated by a linear filtered white
noise process.With the addition of wave variables, the 2DOF model could be
defined as
x2
[x1
IX2 roi
d X2
1X4 I
1+1 I (3.20)
1fl 101
L2i
2
72
The Fokker-Planck equation is given by
a[x2p} - a[x4p]
[k4]
ax1 ax2 ax3 ax4
a[2]5[2jK+----- (3.21)
71 72 2 0i69
where
[I C4 (X2 R(X1
, + mgzgsin(Xi)]
x2=
(144 +1fl44)
[mao)2lC33L X4C33 X4X4 + mzgcos(X1)Xmg R33 (X1 ,X3,i1 ,]
m+m
a33
12 /3n72_(2)2,7
The corresponding short-time propagator is given by
G(x;,x;,x,X ,, ,X,i1,i2 ,t;r)
r 7212 = (2.7rr)4K2 exp((o2i2 +
)2)
2K
8(X2 2)o(x
1
)(12
V V V
8(X4 -__-772)s(x X3)
(3.22)
V V"Is]
3.4.2 1DOF stochastic model
Bretschneider random waves are approximated by a linear filtered white noise
process. With the addition of wave variables, the 1DOF model could be defined as
rx1lI2I0
dX2HXJ[01
1+1 I (3.23)
L71 72 Ioi
L2 i[2i[J
The Fokker-Planck equation is given by
a[x2PIo[x2P10[2PIa[21K aP(X1,X2,1,i12,t)= +----- (3.24)
71 72 2
where
--R C(X2 (X2 )X2 44(X1,)+mgzgsin(Xi)]
(I+ 'a)
72/3n72 -(2,f)271
The corresponding short-time propagator is given by
-4-1'2
G(x;,x
, ,
,X2 , t;v) = (2r) Kexp((, + +
)2)
2K
8(X2 1-----)8(X2 )8(172
7I)
r
(3.25)
3.5 System Parameters
Table3.1summarizes the parameters of a sample of physical model test cases
employed in this study. The parameters shown are identified by matching numerical
predictions with experimental results in the time domain for six regular wave cases,
SB26 toSB3 1.Initial values for the parameters are base on the potential theory
results predicted by Paulling (1995). Then, they are fine-tuned to obtain the best fit.
Table 3.2 provides the identified parameters that are applied to all models.72
Table 3.1. Physical Model Test Cases
Test Case Wave Type H (ft) or H(ft) T (sec) or
T (sec)
SB25 Random 4.7 8.2
SB26 Regular 6.0 5.0
SB27 Regular 6.0 6.0
SB28 Regular 6.0 7.0
SB29 Regular 7.0 8.0
SB3O Regular 6.0 10.0
SB31 Regular 10.0 10.073
Table 3.2 Summary of System Coefficients Used in the Model
Parameter Regular Wave
H from 6 to 10 ft
Tfrom5tol0sec
144(slugs-ft"2) 2.161E±06
'a(slugs-ft"2) 1.30E+06
L44 0.05
N44 0.008
m (slugs) 2.325E+04
ma33(slugs) 1.00E+05
CL33 0.35
N33 0.5
m (slugs) 2.325E+04
ma(slugs) 2.00E+04
L22 0.5
5.074
3.6 Coupling Effects of Heave on Roll Barge Motion
Barge roll responses derived from the 2DOF and the 1DOF model in the time
domain simulation are examined.Several regular and random waves are used as
excitations. Figure 3.2a shows barge roll responses to regular waves with H = 6 ft
and T8 seconds, while Figure 3.2b shows the barge response to random wave with
H = 4.7 ft and T = 8.2 seconds. These numerical results indicate good agreement
between the 2DOF and the 1DOF models. The 2DOF model produces slightly larger
roll amplitude. However, the differences increase significantly in those cases with
larger roll responses as shown in Figure 3.3. Numerical results from the probability
domain simulation also indicate the same behavior. Resulting roll response densities
by the 2DOF and 1DOF models after 5 minutes of exposure time in random waves
are compared. Figure 3.4 shows roll response density due to random waves with H
= 4.7 ft and T = 8.2 seconds. Figure 3.5 shows roll response density due to random
waves with H = 5.5 ft and T5.5 seconds. The corresponding marginal densities
of roll motion by both models are compared in Figure 3.6.Results show that the
2DOF model produces greater density at larger roll amplitude at the same exposure
time. These differences become more significant for cases with larger roll motion.
The governing equations of motion indicate that the coupling effect of heave
on roll is presented in two distinctive mechanisms. First, the relative heave motion
to wave elevation impact the hydrostatic roll righting moment. Second, the heave
velocity creates inertia moment caused by eccentricity of the roll center and KG.c
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3.7 QUASI-2DOF MODEL
Time histories of barge heave responses to regular and random waves based
on experimental results are shown in Figure 3.7.It is observed that the relative
motions between heave and wave elevation are small. A quasi-2DOF model is
developed here with the assumption that relative motion between heave andwave is
insignificant, in fact, the heave motion can be approximated by the wave elevation.
Thus, the hydrostatic roll restoring moment is not affected by heave. The coupling
effects of heave and roll are presented via the inertia moment caused by eccentricity
of roll center and KG.
The quasi-2DOF model is developed by adding an additional term to the
equation of motion of the 1DOF model that represents heave-induced inertia moment
due to eccentricity of roll center and KG. Heave velocity is approximated by the
vertical wave velocity. The resulting equation of motion of the quasi-2DOF model is
'44 ø1a ( _)±C44L (_) +C(-+m(zg cosØ)w(3.26)
517 +R(Ø,z,1/,)mgzgsincb=0
The advantage of the quasi-2DOF model is that it retainsa majority of the
coupling effects of heave effect on roll motion while keeping the DOF of the model
at unity. While the path integral solution of the FPE for the 2DOF model requiresa
much greater computational effort than that of the corresponding 1DOF model, the82
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quasi-2DOF model solution takes the same order of computation effort as that of the
1DOF. Time domain and probability domain simulations of the quasi-2DOF model
using regular and random waves as excitation are conducted to examine the accuracy
of the simplified model. Results indicate a significant improvement of the quasi-
2DOF model over the 1DOF model when compared with results from the 2DOF
model as shown in Figure 3.8 and 3.9.
3.8 Reliability against Capsizing
Reliability of the roll motion of a barge in a variety sea conditions is analyzed
here as a first passage time problem. As the barge rolls in random seas, the net roll
response density propagates with time and eventually exits thesafe domain. Here,
net roll is defined as the difference between roll angle and wave slope. Hydrostatic
roll restoring moment indicates a zero value once net roll exceeds 58 degrees for the
ship-to-shore cargo barge as shown in Figure 3.10. Reliability against capsizing of
the barge is defined as the cumulative net roll response density, which lies within the
safe domain. At a given time t, reliability is
0=58
Wo(t)=JP(q$,q$)dçb (3.27)
The path integral solution of the FPE of the quasi-2DOF model provides the
evolution of the net roll response density. Considering the evolution of the roll84
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response density, the reliability of the barge at a specified exposure time is the
probability mass of net roll response density in the prescribed safe domain.Sea
states 1 through 9 are represented by their average significant wave height, H, and
spectral peak periods, T1,, as shown in Table 3.3. Excitations according to each sea
state are applied to the quasi-2DOF stochastic model. The evolution of the net roll
response density and reliability for sea states 1 through 9 are shown in Figures 3.11
through 3.19. The numerical results indicate no likelihood of capsizing for barges
operating under sea states1and 2 in 10 hours of exposure time.It takes
approximately 1 to 3 hours for barges operating in sea state 3 through 6 to attain 1%
probability of capsizing. Barges exposed to sea state 7 and more severe sea states
have a significantly larger probability of capsizing in a short period of time.This
information is presented in a more succinct maimer (time to reach 1, 2, 5 and 10
percent probability of capsizing for barge operation in sea state 3 through 9) in
Figure 3.20.a)
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Figure 3.11 (a) Probability density, and (b) reliability against capsizing of barge roll
response to sea state 1 random waves.88
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Figure 3.14 (a) Probability density, and (b) reliability against capsizing of barge roll
response to sea state 4 random waves.91
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Figure 3.15 (a) Probability density, and (b) reliability against capsizing of barge roll
response to sea state 5 random waves.92
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Figure 3.17 (a) Probability density, and (b) reliability against capsizing of barge roll
response to sea state 7 random waves.94
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Table 3 .3 Average significant wave height and spectral peak period of
sea states I through 9
Sea StateSignificant wave height
H (ft)
Spectral peak period
T (second)
1 0.5 2.4
2 2.0 4.6
3 4.0 6.0
4 6.5 7.5
5 10.0 8.9
6 16.0 10.8
7 30.0 13.6
8 50.0 17.0
9 100.0 22.4
3.9 Conclusions
Stochastic analysis of Roll-Heave (2DOF) and Roll (1DOF) barge motion
models is presented here.With the Markov process assumption, the path integral
solution is used to obtain barge response probability densities by numerically solving
the associated Fokker-Planck equation.
Coupling effects of the heave and roll motions are investigated by comparing
barge responses derived from the Roll-Heave and the Roll models.Time and
probability domain simulations are employed.With identical excitation, results
show that the 2DOF model predicts slightly larger amplitude roll motion than the
1DOF model. The difference becomes more significant when roll motion is large.
The governing equations of motion indicate that heave affects roll motion via the
hydrostatic roll restoring moment and the initiating inertia moment due to the
eccentricity of roll center and KG. Experimental results show that, for the barges98
examined, the relative motion between heave and wave elevation is small. Thus, the
heave impact on the hydrostatic righting moment is negligible.
A quasi-2DOF model is developed by adding a term that represents the
coupling effects of heave on roll motion to the IDOF model. Heave velocity is
approximated by vertical wave velocity to approximate inertia moment caused by
heave velocity and the eccentricity of roll center and KG.Time domain and
probability domain simulations indicate that the quasi-2DOF model retain the
predictive capability of the 2DOF model.
Reliability against capsizing of a barge under various sea conditions is
analyzed as a first passage time problem. The quasi-2DOF model is employed to
simulate the barge roll motion. The response density evolution is obtained via the
path integral solution to the associated Fokker-Planck equation. Random excitations
according to each of sea state,1 through 9, are applied to the stochastic model.
Reliability against overturning of a barge (defined as the probability mass that lies
within the safe domain at a given time) is examined. Exposure times that create
overturning probability of 1, 2, 5 and 10 percent are recorded. Results indicate that
the reliability of barge is significantly reduced when operating in sea state 7 or
higher sea state conditions. It takes approximately 1 to 5 hours for a barge operating
in sea state 3 through 6 to have 1 to 10 percent overturning probability.Barges
operating in sea state1and 2 are often safe, as its capsizing probability is
significantly less than 1 percent after 10 hours of exposure time.99
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General Conclusions
Summary
102
Barge motions in beam-sea condition are approximated by coupled three-
degree-of-freedom (3DOF, Roll-Heave-Sway) model and lower order ones (2DOF,
Roll-Heave and 1DOF, Roll).The models engage rigid body Roll-Heave-Sway
relations, coupled nonlinear hydrostatic restoring force-moment and relative motion
hydrodynamic force-moment.The hydrostatic force-moment includes effects of
barge's sharp edge and effect of combined roll-heave states.The hydrodynamic
terms are represented in a 'Morison' type quadratic form. The 3DOF model uses a
linear spring in the sway direction to represent mooring cables present in the
experiment.
Time domain simulations are employed to examine the predictive capability
of the 3DOF and the 2DOF models. System parameters of the 3DOF and the 2DOF
models are identified by matching numerical predictions with experimental results
for several regular wave test cases.Initial estimates of the system parameters are
obtained from potential flow theory.General characteristics of Roll-Heave-Sway
barge motions are observed.Predicted barge motions under random waves are
obtained from time domain solution of the 3DOF and the 2DOF models. Measured
random waves and filtered white noise simulated random waves are applied to boththe 3DOF and 2DOF models.Their accuracy is confirmed by comparing numerical
predictions with experimental results.Coupling effects of sway on roll and heave
barge motions are examined and found to be negligible.Preliminary parametric
studies of excitation for both the 3DOF and the 2DOF models are conducted. A
wide range of regular wave heights and wave periods is applied to both models to
examine complex nonlinear behaviors.
Stochastic analyses of barge response are conducted using the Markov
process approach. The corresponding Fokker-Plankequations of the 2DOF and the
1DOF models are derived based on the Markov assumption. The equations are semi-
analytically solved using the path integral solution procedure. Random waves based
on the Bretschneider spectrum withspecified significant wave height and spectral
peak wave period are used to obtain barge response densities for specific exposure
times. Resulting probability densities of roll motions based on the 2DOF and IDOF
models are compared.The corresponding time domain analyses are employed to
examine heave effects on roll motion.
A quasi-2DOF model is developed by including an additional term to
approximate the heave-induced inertia moment. This model retains the characteristic
of Roll-Heave motion but can be numerically analyzed as a 1DOF model.
Reliability against overturning of a barge under a variety of sea conditions is
examined using numerical results based on stochastic analyses of the simplified
model. The net roll response densities with various random wave excitations are
obtained. The evolutions of net roll response densities are considered. The response104
behavior is analyzed as a first passage time problem. The reliability of the response
motion is defined as the probability mass the lies within the safe domain at a given
time.Time to reach a certain level of capsizing probabilityis determined.
Reliabilities of the barge in sea states I through 9 are examined. Stochastic analyses
of the 2DOF barge motion model are also employed to calibrate the accuracy of the
quasi-2DOF model.
Concluding Remarks
The study of barge motion in beam-sea condition via multi-degree-of-
freedom barge motion models results in the following conclusions:
1) A 3DOF Roll-Heave-Sway barge motion model and corresponding lower order
ones are derived by considering coupled rigid bodyroll-heave-sway relations,
then including the effect of coupled hydrostatic restoring force-moment and
relative motion hydrodynamic force-moment. System parameters of the 3DOF
and 2DOF models are identified by deterministic experimental results of several
regular wave test cases. The same set of parameter for roll and heave is found to
be applicable for both models. The values of all parameters do not deviate much
from original values based on the potential theory.This set of fixed system
parameters can be effectively applied to regular wave of various wave heights
and wave periods.
2) Time domain simulation of barge motion under random waves is employed.
Predictive capability of the 3DOF and the 2DOF models under random waves are105
examined.It is found that both models provide accurate predictions, little or no
significant difference is observed between their numerical results.
3) Time domain simulations indicate that sway does not have significant effects on
coupled Roll-Heave-Sway barge motion. Both the 3DOF and the 2DOF models
predict similar nonlinear behaviors. Both have the same predictive accuracy and
able to capture nonlinear behaviors such as subharmonic, superharmonic and
transient complex nonlinear response behaviors (see appendix A).
4) Stochastic analysis with Markov process assumption is applied to the 2DOF and
1DOF models. Associated Fokker Plank equations of both models are derived.
Resulting probability densities obtained by the path integral solution indicate
significant differences between two models especially at larger roll amplitude, as
the 2DOF models produce greater probability densities at larger roll.Time
domain analyses also confirm this trend.
5)Several time and probability domain simulations are conducted to examine the
coupling effects of heave on the barge roll motion. Numerical results show that
the 2DOF produces larger roll amplitude due to coupling effect from heave. The
coupling effect increases with larger roll motion. Experimental results from both
regular and random wave cases indicate that relative motion between heave and
wave elevation is always small.Thus, the coupling effect of heave on
hydrostatic roll righting moment is negligible. This implies that coupling effects
of heave on roll is caused by introducing inertia moment due to eccentricity of
KG and roll center, and the effect is more significant at larger roll angle.106
6) The quasi-2DOF model is developed by including an additional term that
represents heave-induced inertia moment to the 1DOF model.This additional
term features an approximation of heave velocity as vertical wave velocity.
Numerical results from both deterministic and stochastic analyses indicate
identical accuracy of the quasi-2DOF model compared to the original 2DOF
model.
7) A reliability analysis of barge motion under beam-sea condition is conducted.
Resulting roll probability densities at a period of exposure time are obtained
using the quasi-2DOF model.Random wave densities applied to the model
simulate Sea States 1 through 9 via Bretschneider spectrum. Exposure periods of
time to reach a specific capsizing probability of 1, 2, 5 and 10 percent are
recorded.Results indicate high probability of capsizing in a short period of
exposure time in sea state 7 and more severe conditions.
Suggestions for Future Research
This study introduces coupled multi-degree-of-freedom models for barge
motion in beam seas. Deterministic and stochastic analysis procedures are presented.
Improvements on models and analyses beyond this present work are suggested in
this section.107
Modeling and Analysis
-Perform extensive parametric study on all system parameters
-Compare model estimates with additional experimental results including
capsizing cases
-Provide a matrix of values of system parameters for different barge
parameters (e.g. Location of KG, draft, length and width)
-Compare results to other time and probability domain ship motion models
Study effects of wind and shift of cargo in the model
Include modeling capabilities for trapped-water-on-deck
-Using parallel computer system to perform extensive probability domain
analyses
Analysis Tools
Add animation graphics to show the motions of the barge for faster
interpretation of results
-Make program more "user fliendy" with window based "pop up" or "pull
down" menu
-Prepare a user manual for the program.108
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APPENDIXAppendix A
Sensitivity Study of Barge Responses to Regular Waves
ABSTRACT
113
The nonlinear roll motion in beam-sea condition of ship-to-shore cargo
barges is investigated by examining numerical results from two multi-degree-of-
freedom nonlinear barge motion models, coupled Roll-Heave-Sway and Roll-Heave.
The barges are excited by periodic waves of various wave heights and periods.
Subharmonic and superharmonic roll responses are observed. To search for possible
complex nonlinear responses, damping of the systems is varied over a wide range of
values.Excitation amplitudes are also varied gradually in identified sensitive
regions.
INTRODUCTION
This study numerically examines the stabilityofship-to-shore cargo barges
subjected to regular waves in beam-sea condition. Two multi-degree-of-freedom
barge motion models (Roll-Heave-Sway and Roll-Heave)are developed by
considering roll, heave and sway parts of the 6DOF system in Abkowitz (1969) and
adding hydrostatics and hydrodynamics effects.These models include linear and
nonlinear static and kinematic coupling between roll, heave and sway. This study
utilizes both models to investigate possible complex nonlinear behaviors of the barge114
subjected to simple periodic wave excitations of various heights and periods. The
investigation focuses on the roll motion, which is directly related to the stability of
the barge.Differences in numerical results of both the Roll-Heave-Sway and the
Roll-Heave model are examined.Findings obtained here may be used for the
development of a probability-based design and operational methodology.
EQUATIONS OF MOTION
A mathematical model representative of the fluid-structure interaction of the
barge in ocean waves is derived. The coupled rigid body relation of the barge in the
air is first obtained by considering the roll, heave and sway part of the six-degree-of-
freedom rigid body relation (Abkowitz, 1969). The hydrostatic and hydrodynamic
terms are then included when placing the barge in water. The physical assumptions
employed in the model are as follow. The wave free surface elevation is assumed
linear across the beam of the barge (i.e., wavelength is significantly longer than the
barge beam). Wave forces and moments act at the center of gravity and are based on
momentum theory. The effect of water on deck is treated statically, being modeled
only in the hydrostatic restoring moment. Coefficients of added inertia, added mass
and damping are assumed constant.The longitudinal center of gravity (LCG) is
amidships.The barge is symmetric longitudinally and laterally.The resulting
coupled equations of motion for Roll-Heave-Sway motion are115
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The Roll-Heave-Sway (3DOF) model for the bargemotions in beam seas may be
further reduced by assuming the effects of sway on roll and heave arenegligible,
resulting in a 2DOF Roll-Heave model, with correspondinggoverning equations given
by
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The wave field is defined by linear regular waves. The numerical solutions
to the equations of motion are obtained by recasting the equations into first order
ordinary differential equations and solved in the time domain. A
4thorder Runge-
Kutta method is selected to solve the equations of motion.
APPROACH
Several regular wave excitations with different heights and periods are first
applied to both the Roll-Heave-Sway and the Roll-Heave models. The wave heights
vary approximately from4to 16 ft, and the corresponding wave periods vary from 4
to 12 seconds, which cover the roll natural period of 5.25 seconds.The time
histories of wave, roll, heave and sway are observed. The relationship between roll
amplitude and wave period is examined.
The system coefficients used in the models have been identified in earlier
research by matching numerical model results with experimental data.Once
identified, the same set of system coefficients is applied to all models. For the Roll-
Heave-Sway model, appropriate high mooring cable stifthess is applied to the model
to prevent possible numerical errors caused by excessive sway drift. The study of
complex nonlinear responses is conducted by varying roll damping and wave
amplitude gradually in the sensitive region.117
PRELIMINARY OBSERVED ROLL MOTION CHARACTERISTICS
The relationship betweenroll amplitude and excitation wave period is
examined in this section.Regular waves of various wave heights and periods are
employed as input to the 3DOF and the 2DOF models.Specifically, barge motion
responses due to excitation wave heightsof 6 ft., 8 ft., and 10 ft. are considered.
Wave periods are gradually varied from 4 to 9 seconds.The behaviors of the
coupled roll, heave and sway motions are observed. Thecorresponding responses
are shown in Figure Al. It isobserved that in all cases the peak of the roll amplitude
versus wave period is around 5.2 5.5seconds, which is near the roll natural period
of the barge (5.25 second). The 3DOF model always produceapproximate 5 to 10
percent smaller roll magnitudes than the 2DOFmodel. Figure A2 shows the barge
roll response amplitude for a fixed wave period of 6 seconds over a rangeof wave
height between 4 and 16 ft.In this particular case the barge capsized when roll
amplitude exceed 30 degree approximately.As observed, both models provide
comparable results.
SUBHARMONIC AND SUPERIJARMONIC ROLL RESPONSES
The barge is observed to experience subharmonic roll response when
excitation wave period is around 3 seconds.The time histories of wave and roll
response of such response is shownin Figure A3. The results indicate that the barge
rolls at the excitation period as well as its own natural period. Relationsbetween roll
versus roll velocity and roll versus wave areshown in the corresponding Phase118
diagrams in Figure A4. Wave and roll response spectrashown in Figure AS also
show that the roll response power spectrum occurs atboth the excitation and roll
natural frequency.
Superharmonic roll response is observed when the excitation wave periodis
around 10.5 seconds.The time history of wave and roll response for the
superharmonic case is shown in Figure A6. The barge rolls atthe excitation period
and also at its own natural period, which is approximatelyhalf of the excitation
period. The corresponding phase diagrams for roll-rollvelocity and roll-wave are
shown in Figure A7. Wave and roll response spectra areshown in Figure A8. As
expected, the roll response spectrum has a component atboth the excitation
frequency and its own natural frequency.
TRANSIENT COMPLEX NONLINEAR ROLL RESPONSES
To examine the nonlinear complex response characteristics, theroll linear
and nonlinear damping coefficients are reduced to 0.005 and0.0008 percent of
critical damping respectively (c.f., original values 5 and 0.8 percent).Wave height is
gradually varied, as small as 0.001 ft increment, in the range of waveperiod of 5.6 to
5.7 seconds. Some transient complex nonlinear motions areobserved. Figures A9
and Al 0 demonstrate cases of transient nonlinearbehavior before capsizing.
Regular waves with H = 12.84 ft and T5.70 seconds are applied to the 3DOF
model.The barge experiences transient nonlinear behavior for a few hundred
seconds and then capsizes as shown in Figure A9. Regular waves with H = 14.50ft119
and T = 5.65 seconds are applied to the 2DOF model.The barge capsizes after
having a short period of transient nonlinear behavior.Figures All and Al2
demonstrate cases of transient nonlinear behavior before settling into periodic
motions. Also, regular waves with H = 12.86 ft and T = 5.70 seconds are applied to
the 3DOF model. The barge experiences a short period of transient nonlinear motion
then settles into periodic motion as shown in Figure Al 1. Similar behavior is found
using the 2DOF model. With regular waves of H = 17.0 ft and T5.65 seconds
applied to the 2DOF model, the barge experiences nonlinear transientsfor
approximately 100 seconds before settling into periodic motion.
SUMMARY
Nonlinear barge response due to regular wave excitation is examined here
extensively. The Roll-Heave-Sway and the Roll-Heave model are employed in the
time domain simulation.Subharmonic and superharmonic roll responses are
identified.In addition, some transient complex nonlinear behaviors are identified
near the region of primary resonance.35
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Figure Al 3DOF model predicted periodic roll response amplitude vs. regular wave
period (wave heights H = 6, 8, and 10 ft.)
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Figure A3 3DOF model predicted subharmonic roll response to regular waves with
H = 5.8 ft and T = 3 seconds, (a) wave time history, and (b) roll
response time history.a)
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Figure A4 3DOF model predicted subharmonic roll response to regular waves with
H = 5.8 fi and T = 3 seconds, (a) phase diagram of roll and roll velocity,
and(b)phase diagram of roll and wave.a)
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Figure A5 3DOF model predicted subharmonic roll response to regular waves with
H5.8 ft and T = 3 seconds,(a) wave spectrum, and (b) roll response
spectrum.a)
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Figure A6 3DOF model predicted superharmonic roll response to regular waves
with H = 38 ft and T = 10.65 seconds, (a) wave time history, and (b) roll
response time history.a)
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Figure A7 3DOF model predicted superharmonic roll response to regular waves
with H = 38 ft and T = 10.65 seconds, (a) phase diagram of roll and roll
velocity, and (b) phase diagram of roll and wave.a)
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Figure A8 3DOF model predicted superharmonic roll response to regular waves
with H = 38 ft and T = 10.65 seconds, (a) wave spectrum, and (b) roll
response spectrum.127
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Figure A9 3DOF model predicted transient complex nonlinear roll response to
regular waves with H = 12.84 ft and T = 5.70 seconds.128
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Figure AlO 2DOF model predicted transient complex nonlinear roll response to
regular waves with H = 14.50 ft and T5.65 seconds.129
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Figure Al I 3DOF model predicted transient complex nonlinear roll response to
regular waves with H = 12.86 ft and T5.70 seconds.a)
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Figure Al2 2DOF model predicted transient complex nonlinear roll response to
regular waves with H = 17.00 ft and T =5.65seconds.